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SURFACES WITH PARALLEL MEAN CURVATURE IN CPn × R
AND CHn × R
DOREL FETCU AND HAROLD ROSENBERG
Abstract. We consider surfaces with parallel mean curvature vector (pmc sur-
faces) in CPn×R and CHn×R, and, more generally, in cosymplectic space forms.
We introduce a holomorphic quadratic differential on such surfaces. This is then
used in order to show that the anti-invariant pmc 2-spheres of a 5-dimensional
non-flat cosymplectic space form of product type are actually the embedded ro-
tational spheres S2H ⊂ M¯
2
× R of Hsiang and Pedrosa, where M¯2 is a complete
simply-connected surface with constant curvature. When the ambient space is
a cosymplectic space form of product type and its dimension is greater than 5,
we prove that an immersed non-minimal non-pseudo-umbilical anti-invariant 2-
sphere lies in a product space M¯4×R, where M¯4 is a space form. We also provide
a reduction of codimension theorem for the pmc surfaces of a non-flat cosymplectic
space form.
1. Introduction
Surfaces with constant mean curvature (cmc surfaces) in 3-dimensional ambient
spaces have been intensively studied in the last six decades and a very useful tool
proved to be the holomorphic quadratic forms defined on such surfaces.
In 1951, H. Hopf used for the first time a holomorphic quadratic form in order
to show that any cmc surface in a Euclidean space, homeomorphic to a sphere, is
actually a round sphere (see [20]) and then his result was extended to cmc surfaces
in 3-dimensional space forms by S.-S. Chern, in [11]. When the codimension is
greater than 1, a natural generalization of cmc surfaces are surfaces with parallel
mean curvature vector (pmc surfaces). These surfaces are studied since the early
seventies, among the first papers to treat this subject being [16] by D. Ferus, [9] by
B.-Y. Chen and G. D. Ludden, [19] by D. A. Hoffman and [25] by S.-T. Yau. In
this last paper it is proved that a pmc surface immersed in a space form either lies
in a totally geodesic 3-dimensional space or it is a minimal surface of an umbilical
hypersurface.
The next natural step was taken by U. Abresch and H. Rosenberg, who studied
in [1, 2] cmc surfaces and obtained Hopf type results in product spaces of type
M2(ρ) × R, where M2(ρ) is a complete simply-connected surface with constant
curvature ρ, as well as the homogeneous 3-manifolds Nil(3), ˜PSL(2,R) and Berger
spheres. As for the study of pmc surfaces in product spaces of type Mn(ρ) × R,
whereMn(ρ) is a space form with constant sectional curvature ρ, the papers [4] and
[5] by H. Alencar, M. do Carmo and R. Tribuzy, are devoted to this subject. The
principal tool they use is a holomorphic quadratic form, which in the 3-dimensional
case is just the Abresch-Rosenberg differential, introduced in [1]. In [5] the authors
proved, amongst others, a very nice reduction of the codimension theorem, showing
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that a pmc surface immersed in Mn(ρ)× R is either a minimal surface in a totally
umbilical hypersurface of Mn(ρ); a cmc surface in a 3-dimensional totally umbilical
submanifold, or in a totally geodesic submanifold of Mn(ρ); or it lies in M4(ρ)×R.
In the recent paper [17] a similar result is proved for pmc surfaces immersed in a
complex space form, i.e. a Ka¨hler manifold with constant holomorphic sectional
curvature. There it is shown that a non-minimal pmc surface immersed in a non-
flat complex space form Nn(ρ), where ρ is the (constant) holomorphic sectional
curvature and n ≥ 3, is a pseudo-umbilical totally real surface or it lies in a complex
space form N r(ρ), with r ≤ 5.
The products between a complex space form and a one dimensional manifold are
the main examples of cosymplectic space forms, which are often seen as the odd-
dimensional version of complex space forms. Therefore, working in such spaces seems
to be the natural continuation of [17]. The other option for odd-dimensional ambient
spaces with nice curvature properties is represented by the Sasakian space forms,
amongst them being the odd-dimensional spheres and the generalized Heisenberg
group. Although the present paper is devoted to the study of pmc surfaces in
cosymplectic space forms it is sure that interesting results could be also obtained by
considering this second option.
The paper is organized as follows. In Section 2 we briefly recall some general
facts about the cosymplectic space forms, as they are presented in [3, 6, 7, 12]. In
Section 3 we introduce a quadratic form Q defined on surfaces immersed in such a
space and prove that its (2, 0)-part is holomorphic when the mean curvature vector
of the surface is parallel. In Section 4 we characterize the pmc surfaces of type
Σ2 = pi−1(γ) in a product space Mn(ρ)×R, where Mn(ρ) is a complex space form,
pi :Mn(ρ)×R→Mn(ρ) is the projection map and γ : I →Mn(ρ) is a Frenet curve
of osculating order r in Mn(ρ). We also prove that such surfaces with vanishing
(2, 0)-part of Q exist if and only if ρ < 0. The main result of Section 5 is a reduction
theorem, which states that a non-minimal pmc surface Σ2 in a non-flat cosymplectic
space form N2n+1(ρ) either is pseudo-umbilical and then the characteristic vector
field is orthogonal to Σ2 and the surface is anti-invariant, or it is not pseudo-umbilical
and lies in a totally geodesic invariant submanifold of N2n+1(ρ) with dimension less
than or equal to 11. The last Section is devoted to the study of anti-invariant pmc
surfaces. We prove that any non-minimal anti-invariant pmc 2-sphere in M2(ρ)×R
is an embedded rotationally invariant cmc sphere S2H ⊂ M¯2(ρ4 ) × R, where M¯2(ρ4 )
is a complete simply-connected surface with constant curvature ρ4 , immersed as a
totally-geodesic Lagrangian submanifold in the complex space form M2(ρ). When
the dimension of the ambient space is greater than 5, we show that a non-minimal
non-pseudo-umbilical anti-invariant 2-sphere immersed inMn(ρ)×R lies in a product
space M¯4(ρ4 )×R, where M¯4(ρ4 ) is a space form immersed as a totally geodesic totally
real submanifold in Mn(ρ).
2. Preliminaries
LetMn(ρ) be a complex space form with the complex structure (J, 〈, 〉M ), consider
the product manifold N2n+1 =Mn(ρ)×R and define the following tensors on N2n+1:
ϕ = J ◦ dpi, ξ = ∂
∂t
, η = dt and 〈, 〉N = 〈, 〉M + dt⊗ dt,
where pi :Mn(ρ)×R→Mn(ρ) is the projection map and t is the standard coordinate
function on the real axis. Then (N2n+1, ϕ, ξ, η, 〈, 〉N ) is a cosymplectic space form
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with constant ϕ-sectional curvature equal to ρ (see [3, 7]). We shall explain what
this means in the following.
An almost contact metric structure on an odd-dimensional manifold N2n+1 is
given by (ϕ, ξ, η, 〈, 〉), where ϕ is a tensor field of type (1, 1) on N , ξ is a vector field,
η is its dual 1-form and 〈, 〉 is a Riemannian metric such that
ϕ2U = −U + 〈U, ξ〉ξ and 〈ϕU,ϕV 〉 = 〈U, V 〉 − η(U)η(V ),
for all tangent vector fields U and V .
An almost contact metric structure (ϕ, ξ, η, 〈, 〉) is called normal if
Nϕ(U, V ) + 2dη(U, V )ξ = 0,
where
Nϕ(U, V ) = [ϕU,ϕV ]− ϕ[ϕU, V ]− ϕ[U,ϕV ] + ϕ2[U, V ],
is the Nijenhuis tensor field of ϕ.
An almost contact metric manifold (N,ϕ, ξ, η, g) is a cosymplectic manifold if
it is normal and both the 1-form η and the fundamental 2-form Ω, defined by
Ω(U, V ) = 〈U,ϕV 〉, are closed. Equivalently, an almost contact metric manifold
is cosymplectic if and only if ϕ is parallel, i.e. ∇Nϕ = 0, where ∇N is the Levi-
Civita connection. This implies that also the vector field ξ and the 1-form η are
parallel. We note that a cosymplectic manifold has a natural local product struc-
ture as a product of a Ka¨hler manifold and a 1-dimensional manifold but there exist
compact cosymplectic manifolds which are not global products (see [6, 12]). We also
recall that a submanifold M of a cosymplectic manifold is called invariant when
ϕ(TM) ⊂ TM and anti-invariant when ϕ(TM) ⊂ NM , where NM is the normal
bundle of M .
Let (N,ϕ, ξ, η, 〈, 〉) be a cosymplectic manifold. The sectional curvature of a 2-
plane generated by U and ϕU , where U is a unit vector orthogonal to ξ, is called
ϕ-sectional curvature determined by U . A cosymplectic manifold with constant ϕ-
sectional curvature ρ is called a cosymplectic space form and is denoted by N(ρ).
The curvature tensor field of a cosymplectic space form N(ρ) is given by
(2.1)
RN (U, V )W = ρ4{〈V,W 〉U − 〈U,W 〉V + 〈U,ϕW 〉ϕV − 〈V, ϕW 〉ϕU
+2〈U,ϕV 〉ϕW + η(U)η(W )V − η(V )η(W )U
+〈U,W 〉η(V )ξ − 〈V,W 〉η(U)ξ}.
3. A quadratic form with holomorphic (2, 0)-part
Although our main interest is to study the immersed pmc surfaces in product
spaces of typeMn(ρ)×R, whereMn(ρ) is a complex space form, it is more convenient
to treat the more general case where the surfaces are immersed in an arbitrary
cosymplectic space forms.
Let Σ2 be an immersed surface in a cosymplectic space form N2n+1(ρ), endowed
with the cosymplectic structure (ϕ, ξ, η, 〈, 〉) and having constant ϕ-sectional curva-
ture ρ.
Definition 3.1. If the mean curvature vector H of the surface Σ2 is parallel in
the normal bundle, i.e. ∇⊥H = 0, the normal connection ∇⊥ being defined by the
equation of Weingarten
∇NXV = −AVX +∇⊥XV,
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for any vector field X tangent to Σ2 and any vector field V normal to the surface,
where ∇N is the Levi-Civita connection on N and A is the shape operator, then Σ2
is called a pmc surface.
We define a quadratic form Q on Σ2 by
Q(X,Y ) = 8|H|2〈σ(X,Y ),H〉 − ρ|H|2η(X)η(Y ) + 3ρ〈ϕX,H〉〈ϕY,H〉,
where σ is the second fundamental form of the surface, and claim that the (2, 0)-part
of Q is holomorphic.
In order to prove this, we first consider the isothermal coordinates (u, v) on Σ2.
Then ds2 = λ2(du2+dv2) and let us define z = u+iv, ẑ = u−iv, dz = 1√
2
(du+idv),
dẑ = 1√
2
(du− idv) and
Z =
1√
2
( ∂
∂u
− i ∂
∂v
)
, Ẑ =
1√
2
( ∂
∂u
+ i
∂
∂v
)
.
We get 〈Z, Ẑ〉 = 〈 ∂
∂u
, ∂
∂u
〉 = 〈 ∂
∂v
, ∂
∂v
〉 = λ2. We mention that this rather unusual
notation for the conjugation is used only for the reader’s convenience.
Now, we shall compute
Ẑ(Q(Z,Z)) = Ẑ(8|H|2〈σ(Z,Z),H〉 − ρ|H|2(η(Z))2 + 3ρ〈ϕZ,H〉2).
We have
Ẑ(〈σ(Z,Z),H〉) = 〈∇N
Ẑ
σ(Z,Z),H〉 + 〈σ(Z,Z),∇N
Ẑ
H〉
= 〈∇⊥
Ẑ
σ(Z,Z),H〉 + 〈σ(Z,Z),∇⊥
Ẑ
H〉
= 〈(∇⊥
Ẑ
σ)(Z,Z),H〉 + 〈σ(Z,Z),∇⊥
Ẑ
H〉,
since
(∇⊥
Ẑ
σ)(Z,Z) = ∇⊥
Ẑ
σ(Z,Z)− 2σ(∇
Ẑ
Z,Z) = ∇⊥
Ẑ
σ(Z,Z)
and ∇
Ẑ
Z = 0, from the definition of the connection ∇ on the surface.
Next, using the Codazzi equation, we get
(3.1)
Ẑ(〈σ(Z,Z),H〉) = 〈(∇⊥Zσ)(Ẑ, Z),H〉+ 〈(RN (Ẑ, Z)Z)⊥,H〉
+〈σ(Z,Z),∇⊥
Ẑ
H〉
= 〈(∇⊥Zσ)(Ẑ, Z),H〉+ 〈RN (Ẑ, Z)Z,H〉 + 〈σ(Z,Z),∇⊥ẐH〉.
From the expression (2.1), of the curvature tensor field of N , it follows
(3.2) 〈RN (Ẑ, Z)Z,H〉 = ρ
4
{〈Z, Ẑ〉η(Z)η(H) + 3〈Ẑ, ϕZ〉〈H,ϕZ〉}.
Working just like in [5] (or in [17]), we can prove that
(3.3) 〈(∇⊥Zσ)(Ẑ, Z),H〉 = 〈Ẑ, Z〉〈∇⊥ZH,H〉.
Indeed, if we consider the unit vector fields e1 and e2 corresponding to
∂
∂u
and
∂
∂v
, respectively, then we get Z = λ√
2
(e1 − ie2) and
σ(Ẑ, Z) =
λ2
2
σ(e1 − ie2, e1 + ie2) = λ
2
2
(σ(e1, e1) + σ(e2, e2)) = 〈Ẑ, Z〉H.
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Since we also have ∇ZZ = 1λ2 〈∇ZZ, Ẑ〉Z, it follows that
〈(∇⊥Zσ)(Ẑ, Z),H〉 = 〈∇NZ σ(Ẑ, Z),H〉 − 〈σ(∇ZẐ, Z),H〉 − 〈σ(Ẑ,∇ZZ),H〉
= 〈∇NZ (〈Ẑ, Z〉H),H〉 − 1λ2 〈∇ZZ, Ẑ〉〈σ(Ẑ, Z),H〉
= 〈∇NZ (〈Ẑ, Z〉H),H〉 − 〈∇ZZ, Ẑ〉〈H,H〉
= 〈∇ZẐ, Z〉〈H,H〉+ 〈∇ZZ, Ẑ〉〈H,H〉
+〈Ẑ, Z〉〈∇⊥ZH,H〉 − 〈∇ZZ, Ẑ〉〈H,H〉
= 〈Ẑ, Z〉〈∇⊥ZH,H〉.
Replacing (3.2) and (3.3) in (3.1), and using the fact that H is parallel, it follows
that
(3.4) Ẑ(〈σ(Z,Z),H〉) = ρ
4
{〈Z, Ẑ〉η(Z)η(H) + 3〈Ẑ, ϕZ〉〈H,ϕZ〉}.
As the characteristic vector field ξ is parallel, equation (3.3) also implies that
(3.5) Ẑ((η(Z))2) = 2〈Z, Ẑ〉η(Z)η(H).
Finally, since ∇Nϕ = 0 and H is parallel, using ∇N
Ẑ
Z = σ(Ẑ, Z) = 〈Ẑ, Z〉H and
(ϕZ)⊤ = 1
λ2
〈ϕZ, Ẑ〉Z, that can be easily checked, one obtains
(3.6)
Ẑ(〈ϕZ,H〉2) = 2〈ϕZ,H〉{〈∇N
Ẑ
ϕZ,H〉 + 〈ϕZ,∇N
Ẑ
H〉}
= 2〈ϕZ,H〉{〈ϕ∇N
Ẑ
Z,H〉 + 〈ϕZ,∇N
Ẑ
H〉}
= 2〈ϕZ,H〉{〈Ẑ , Z〉〈ϕH,H〉 − 〈(ϕZ)⊤, AHẐ〉+ 〈(ϕZ)⊥,∇⊥
Ẑ
H〉}
= −2〈ϕZ,H〉〈σ((ϕZ)⊤ , Ẑ),H〉
= −2〈ϕZ,H〉〈ϕZ, Ẑ〉|H|2.
From (3.4), (3.5) and (3.6) we see that Ẑ(Q(Z,Z)) = 0, and we can state the
following.
Theorem 3.2. If Σ2 is an immersed pmc surface in a cosymplectic space form
N2n+1(ρ), then the (2, 0)-part of the quadratic form Q, defined on Σ2 by
Q(X,Y ) = 8|H|2〈σ(X,Y ),H〉 − ρ|H|2η(X)η(Y ) + 3ρ〈ϕX,H〉〈ϕY,H〉,
is holomorphic.
4. Vertical cylinders with parallel mean curvature vector in
product spaces
Let γ : I ⊂ R→Mn(ρ) be a curve parametrized by arc-length in a complex space
form with complex dimension n and constant holomorphic sectional curvature ρ, i.e.
CPn(ρ), Cn or CHn(ρ) as ρ > 0, ρ = 0 or ρ < 0. The curve γ is called a Frenet
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curve of osculating order r, 1 ≤ r ≤ 2n, if there exist r orthonormal vector fields
{E1 = γ′, . . . , Er} along γ such that
(4.1)

∇ME1E1 = κ1E2
∇ME1Ei = −κi−1Ei−1 + κiEi+1, ∀i = 2, . . . , r − 1,
∇ME1Er = −κr−1Er−1
where {κ1, κ2, κ3, . . . , κr−1} are positive functions on I called the curvatures of γ
and ∇M denotes the Levi-Civita connection on Mn(ρ).
A Frenet curve of osculating order r is called a helix of order r if κi = constant > 0
for 1 ≤ i ≤ r−1. A helix of order 2 is called a circle, and a helix of order 3 is simply
called helix.
S. Maeda and Y. Ohnita defined in [23] the complex torsions of the curve γ by
τij = 〈Ei, JEj〉, 1 ≤ i < j ≤ r, where (J, 〈, 〉) is the complex structure on Mn(ρ). A
helix of order r is called a holomorphic helix of order r if all the complex torsions
are constant. It is easy to see that a circle is always a holomorphic circle.
In order to find examples of pmc surfaces we will focus our attention on the vertical
cylinders Σ2 = pi−1(γ) in product spaces Mn(ρ)×R, where pi :Mn(ρ)×R→Mn(ρ)
is the projection map and γ : I → Mn(ρ) is a Frenet curve of osculating order
r in Mn(ρ). For any vector field X tangent to Mn(ρ) we shall denote by XH
its horizontal lift to Mn(ρ) × R. As for the Riemannian metrics on Mn(ρ) and
Mn(ρ)× R, we will use the same notation 〈, 〉.
Obviously, {EH1 , ξ} is a local orthonormal frame on Σ2 and EHi , 1 < i ≤ r, are
normal vector fields. Then the mean curvature vector H is given by
H =
1
2
(σ(EH1 , E
H
1 ) + σ(ξ, ξ)) =
1
2
κ1E
H
2 ,
where κ1 = κ1 ◦pi and we used the first Frenet equation for γ and O’Neill’s equation
[24] in the case of cosymplectic space forms, i.e. ∇N
XH
Y H = (∇MX Y )H , for any vector
fields X and Y tangent to Mn(ρ) (see also [3]).
Next, from the second Frenet equation, we have
(4.2) ∇N
EH
1
H =
1
2
(∇ME1(κ1E2))H =
1
2
(κ′1E2 − κ21E1 + κ1κ2E3)H .
It is easy to verify that ∇ξEH1 = ∇EH
1
ξ = 0, where ∇ is the connection on the
surface, and then we get that [ξ,EH1 ] = 0, which means ∇Nξ EH1 = ∇NEH
1
ξ = 0. Now,
since from (2.1) it follows that RN (ξ,EH1 )E
H
1 = 0, we obtain
(4.3) ∇Nξ H =
1
2
∇Nξ ∇NEH
1
EH1 = 0.
From (4.2) and (4.3) we see that H is parallel if and only if either
• γ is a geodesic in Mn(ρ); or
• γ is a circle in Mn(ρ) with the curvature κ1 = 2|H| = constant > 0.
Obviously, in the first case, Σ2 is a minimal surface. In the second case, the (2, 0)-
part of Q vanishes if and only if
16|H|4 + ρ|H|2 + 3ρ〈ϕEH1 ,H〉2 = 0,
that is equivalent to
4κ21 + ρ(1 + 3τ
2
12) = 0.
Now, we can conclude.
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Proposition 4.1. A vertical cylinder Σ2 = pi−1(γ) in Mn(ρ) × R has non-zero
parallel mean curvature vector and the (2, 0)-part of the quadratic form Q vanishes
on Σ2 if and only if ρ < 0 and the curve γ is a circle in Mn(ρ) with the curvature
κ = 12
√
−ρ(1 + 3τ2), where τ is the complex torsion of γ.
Remark 4.2. S. Maeda and T. Adachi proved in [22] that for any positive number
κ and for any number τ , such that |τ | < 1, there exits a circle with curvature κ and
complex torsion τ in any complex space form. Therefore, for any ρ < 0, we know
that circles γ, like in the previous Proposition, do exist. Since 0 ≤ τ2 ≤ 1 we get that
1
2
√−ρ ≤ κ ≤ √−ρ, which means that the mean curvature of a non-minimal pmc
cylinder Σ2 = pi−1(γ), with vanishing (2, 0)-part of Q, satisfies
√−ρ
4 ≤ |H| ≤
√−ρ
2 .
5. A reduction theorem
Let Σ2 be an immersed non-minimal pmc surface in a non-flat cosymplectic space
form N2n+1(ρ), n ≥ 2.
Lemma 5.1. For any vector V normal to Σ2, which is also orthogonal to ϕTΣ2 and
to ϕH, we have [AH , AV ] = 0, i.e. AH commutes with AV .
Proof. The conclusion follows easily from the Ricci equation
〈R⊥(X,Y )H,V 〉 = 〈[AH , AV ]X,Y 〉+ 〈RN (X,Y )H,V 〉,
since
〈RN (X,Y )H,V 〉 = ρ4{〈X,ϕH〉〈ϕY, V 〉 − 〈Y, ϕH〉〈ϕX,V 〉+ 2〈X,ϕY 〉〈ϕH,V 〉}
= 0
and R⊥(X,Y )H = 0. 
Corollary 5.2. Either H is an umbilical direction or there exists a basis that diag-
onalizes simultaneously AH and AV , for all normal vectors V satisfying V ⊥ ϕTΣ2
and V ⊥ ϕH.
Now, assume that H is an umbilical direction everywhere, which means that the
surface is pseudo-umbilical, i.e. AH = |H|2 I. For such a surface, since H is also
parallel, we have
RN (X,Y )H = ∇X∇YH −∇Y∇XH −∇[X,Y ]H
= −|H|2(∇XY −∇YX − [X,Y ]) = 0,
for any tangent vector fields X and Y .
In the following we shall prove that, in this case, ξ ⊥ TΣ2 and ϕ(TΣ2) ⊂ NΣ2,
where NΣ2 is the normal bundle of the surface.
First, we have
Lemma 5.3. The following four relations are equivalent:
(i) ξ ⊥ TΣ2;
(ii) H ⊥ ξ;
(iii) ϕ(TΣ2) ⊂ NΣ2;
(iv) ϕH ⊥ TΣ2.
Proof. As H is umbilical, it results that 〈σ(Z,Z),H〉 = 0 and, consequently, the
(2, 0)-part of Q is, in this case,
Q(Z,Z) = −ρ|H|2(η(Z))2 + 3ρ〈ϕZ,H〉2,
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where Z and its conjugate Ẑ are the complex vectors on Σ2, defined in Section 3.
Since Q(Z,Z) is holomorphic and H is umbilical and parallel, it follows that
〈Z, Ẑ〉η(Z)η(H) + 3〈ϕZ,H〉〈ϕZ, Ẑ 〉 = 0.
Now, it is easy to see that η(Z)η(H) = 0 is equivalent to 〈ϕZ,H〉〈ϕZ, Ẑ 〉 = 0, and
then we only have to prove the equivalence between (i) and (ii) and between (iii)
and (iv), respectively.
First, if η(Z) = 0 then η(∇N
Ẑ
Z) = 〈Z, Ẑ〉η(H) = 0, as N2n+1(ρ) is a cosymplectic
space form and ∇N
Ẑ
Z = 〈Z, Ẑ〉H. Conversely, if η(H) = 0, we have
η(∇NZH) = −η(AHZ) = −|H|2η(Z) = 0.
Next, since RN (X,Y )H = 0, for any tangent vector fields X and Y , we get
0 = RN (Ẑ, Z)H = ρ4{〈ϕH, Ẑ〉ϕZ − 〈ϕH,Z〉ϕẐ + 〈ϕZ, Ẑ〉ϕH
+η(Ẑ)η(H)Z − η(Z)η(H)Ẑ}.
Assume that relation (iii) holds, i.e. that 〈ϕZ, Ẑ〉 = 0. As we have seen, this also
implies η(Z) = η(Ẑ) = 0 and η(H) = 0. Then, by using the definition of the
cosymplectic structure on N2n+1(ρ), we have
〈RN (Ẑ, Z)H,ϕZ〉 = −ρ
4
〈Z, Ẑ〉〈ϕH,Z〉 = 0.
Conversely, if (iv) holds, i.e. if 〈ϕH,Z〉 = 0, we have
0 = 〈∇
Ẑ
ϕH,Z〉 = 〈ϕ∇
Ẑ
H,Z〉+ 〈ϕH,∇
Ẑ
Z〉 = −〈ϕAH Ẑ, Z〉+ 〈Z, Ẑ〉〈ϕH,H〉
= |H|2〈ϕZ, Ẑ〉,
and come to the conclusion. 
Now, let us assume that relations (i)-(iv) do not hold on our surface. We choose
an orthonormal basis {e1, e2} on Σ2 such that e1 ⊥ ξ, i.e. η(e1) = 0. Then, from
〈RN (e1, e2)H, e2〉 = 0, we obtain
〈ϕe2, e1〉〈ϕH, e2〉 = 0,
which means that 〈ϕH, e2〉 = 0, and then RN (e1, e2)H = 0 can be written as
(5.1) 2〈ϕe2, e1〉ϕH + 〈ϕH, e1〉ϕe2 − η(e2)η(H)e1 = 0.
We take the product of this equation with ϕH, e1 and ϕe2, respectively, and
obtain
(5.2) 〈ϕe2, e1〉〈ϕH,ϕH〉 = η(e2)η(H)〈ϕH, e1〉
(5.3) 3〈ϕe2, e1〉〈ϕH, e1〉 = η(e2)η(H)
and
(5.4) 3〈ϕe2, e1〉η(e2)η(H) = 〈ϕH, e1〉〈ϕe2, ϕe2〉.
Since 〈ϕe2, e1〉 6= 0 and 〈ϕH, e1〉 6= 0, from the first two equations, we get
(5.5) 〈ϕH,ϕH〉 = |H|2 − (η(H))2 = 3〈ϕH, e1〉2
and, from the last two,
(5.6) 〈ϕe2, ϕe2〉 = 1− (η(e2))2 = 9〈ϕe2, e1〉2.
Lemma 5.4. If the relations (i)-(iv) in Lemma 5.3 do not hold on Σ2 then we have
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(1) 2|H|2〈ϕe2, e1〉 = 〈ϕH, σ(e1, e2)〉;
(2) 〈ϕH, σ(e1, e1)〉 = 〈ϕH, σ(e2, e2)〉 = 0;
(3) ∇e2e2 = ∇e2e1 = 0;
(4) η(σ(e1, e2)) = 0 and 〈ϕe1, σ(e1, e2)〉 = 0.
Proof. From equation (5.5) it follows
2〈ϕH,ϕ∇Ne2H〉 = 6〈ϕH, e1〉〉(〈ϕ∇Ne2H, e1〉+ 〈ϕH,∇Ne2e1〉).
But we also know that∇Ne2H = −|H|2e2 and, since 〈ϕH, e2〉 = 0, that 〈ϕH,∇e2e1〉 =
0. Replacing in the above equation and using equation (5.3) one obtains
2|H|2〈ϕe2, e1〉 = 〈ϕH, σ(e1, e2)〉.
In the same manner, from equation (5.5), we obtain 〈ϕH, σ(e1, e1)〉 = 0 and then
〈ϕH, σ(e2, e2)〉 = 0.
As 〈ϕH, e2〉 = 0 we get 〈ϕH,∇Ne2e2〉 = 0, which implies
〈ϕH,∇e2e2〉 = 〈ϕH, e1〉〈∇e2e2, e1〉 = 0,
meaning that ∇e2e2 = 0. Since e1 ⊥ e2, we also have ∇e2e1 = 0.
Finally, η(e1) = 0 and ∇Nξ = 0 imply η(∇Ne2e1) = 0. Since ∇e2e1 = 0 it follows
that η(σ(e1, e2)) = 0. Then the last identity in our Lemma follows easily by taking
the product of (5.1) with ϕσ(e1, e2). 
From the expression of the curvature tensor RN it can be easily checked that RN
is parallel, i.e. ∇NRN = 0. Therefore, we have (∇Ne1RN )(e1, e2,H) = 0 and then, as
RN (X,Y )H = 0, for any tangent vectors X and Y , one obtains
|H|2RN (e1, e2, e1)−RN (σ(e1, e1), e2,H)−RN (e1, σ(e1, e2),H) = 0.
By using (2.1), (5.1) and Lemma 5.4, the above equation become, after a straight-
forward computation,
η(σ(e1, e1))η(H)e2−η(e2)η(H)σ(e1, e1)+〈ϕH, e1〉ϕσ(e1, e2)−5|H|2〈ϕe2, e1〉ϕe1 = 0,
and, by taking the product with e2, we obtain that
(5.7) η(σ(e1, e1))η(H) + 9|H|2〈ϕe2, e1〉2 = 0.
Next, from equations (5.3), (5.5) and (5.6), it follows that
3|H|2〈ϕe2, e1〉2 = (1− 6〈ϕe2, e1〉2)(η(H))2.
Hence, replacing in (5.7), we get η(σ(e1, e1)) = 3η(H)(6〈ϕe2 , e1〉2 − 1) and then
η(σ(e2, e2)) = η(H)(5 − 18〈ϕe2, e1〉2), which means that
(5.8) η(∇Ne2e2) = η(H)(5 − 18〈ϕe2, e1〉2),
since ∇e2e2 = 0.
From equation (5.6), we obtain 2η(e2)η(∇Ne2e2) = −18〈ϕe2, e1〉e2(〈ϕe2, e1〉), and
then, from (5.8) and (5.3), it results
(5.9) 3e2(〈ϕe2, e1〉) = (18〈ϕe2, e1〉2 − 5)〈ϕH, e1〉.
Finally, we differentiate the equation (5.3), and using the equations (5.8) and
(5.9), the fact that H is umbilical and parallel and Lemma 5.4, we obtain
|H|2 + (5− 18〈ϕe2, e1〉2)(η(H))2 = 0.
But, from equation (5.6), we know that 9〈ϕe2, e1〉2 < 1. Therefore, the last equation
is a contradiction.
Thus, it results that ξ ⊥ TΣ2, ϕ(TΣ2) ⊂ NΣ2, H ⊥ ξ and ϕH ⊥ TΣ2. Now, it is
easy to see that, if {e1, e2} is an orthonormal frame on Σ2, then, at any point on the
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surface, the system {e1, e2, ϕe1, ϕe2,H, ϕH, ξ} is linearly independent, which means
that n ≥ 3.
Thus we can state the following
Proposition 5.5. Let Σ2 be an immersed non-minimal pmc surface in a non-flat
cosymplectic space form N2n+1(ρ), n ≥ 2. If the mean curvature vector H is an
umbilical direction everywhere, then ξ ⊥ TΣ2, ϕ(TΣ2) ⊂ NΣ2 and n ≥ 3. Moreover,
H ⊥ ξ and ϕH ⊥ TΣ2.
Let N2n+1(ρ) be the product between a non-flat complex space formMn(ρ), with
complex dimension n, and R. If Σ2 is an immersed surface in N2n+1(ρ) as in the
previous Proposition, it follows that Σ2 is a totally real surface inMn(ρ). Moreover,
since N2n+1(ρ) is a product space, we have ∇N
Ẑ
Z = ∇M
Ẑ
Z, ∇NZ Z = ∇MZ Z and
∇NXH = ∇MXH, for any vector field X tangent to Σ2, where we have used the fact
that H ⊥ ξ. From these identities, we obtain that the surface is pseudo-umbilical
and with parallel mean curvature vector in Mn(ρ). Hence, we have
Corollary 5.6. Let Σ2 be an immersed non-minimal pmc surface in Mn(ρ) × R,
n ≥ 2, ρ 6= 0. If its mean curvature vector is an umbilical direction everywhere, then
Σ2 is a pseudo-umbilical non-minimal totally real pmc surface in Mn(ρ), and n ≥ 3.
Remark 5.7. If the mean curvature vector of the surface Σ2 is umbilical everywhere
then the (2, 0)-part of the quadratic form Q defined on Σ2 vanishes.
The next step is to study the case when the mean curvature vector of the surface
is nowhere umbilical. We shall prove that such a surface lies in a totally geodesic
submanifold of N2n+1(ρ), with dimension less than or equal to 11.
Proposition 5.8. Assume that H is nowhere an umbilical direction. Then there
exists a parallel subbundle of the normal bundle that contains the image of the second
fundamental form σ and has dimension less than or equal to 9.
Proof. We consider a subbundle L of the normal bundle, given by
L = span{Imσ ∪ (ϕ(Im σ))⊥ ∪ (ϕ(TΣ2))⊥ ∪ ξ⊥},
where (ϕ(TΣ2))⊥ = {(ϕX)⊥ : X tangent to Σ2}, (ϕ(Im σ))⊥ = {(ϕσ(X,Y ))⊥ :
X,Y tangent to Σ2} and ξ⊥ is the normal component of ξ along the surface. We
will show that L is parallel.
First, we have to prove that if V is orthogonal to L, then ∇⊥eiV is orthogonal to
ϕ(TΣ2) and to ϕH, where {e1, e2} is a frame satisfying
〈σ(e1, e2), V 〉 = 〈σ(e1, e2),H〉 = 0.
Indeed, one gets
〈(ϕH)⊥,∇⊥eiV 〉 = 〈(ϕH)⊥,∇NeiV 〉 = −〈∇Nei (ϕH)⊥, V 〉
= −〈∇NeiϕH,V 〉+ 〈∇Nei (ϕH)⊤, V 〉
= 〈ϕAHei, V 〉+ 〈σ(ei, (ϕH)⊤), V 〉
= 0
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and
〈(ϕej)⊥,∇⊥eiV 〉 = −〈∇Nei (ϕej)⊥, V 〉
= −〈∇Neiϕej , V 〉+ 〈∇Nei (ϕej)⊤, V 〉
= −〈ϕ∇eiej , V 〉 − 〈ϕσ(ei, ej), V 〉+ 〈σ(ei, (ϕej)⊤), V 〉
= 0.
Next, we shall prove that if a normal vector V is orthogonal to L, then so is ∇⊥V ,
i.e.
〈σ(ei, ej),∇⊥ekV 〉 = 0, 〈ϕσ(ei, ej),∇⊥ekV 〉 = 0,
〈ϕei,∇⊥ekV 〉 = 0, 〈ξ⊥,∇⊥ekV 〉 = 0.
We only have to prove the first two identities and the last one, since the third has
been obtained above.
Let us denote Aijk = 〈∇⊥ekσ(ei, ej), V 〉. As σ is symmetric, we have Aijk = Ajik,
and also Aijk = −〈σ(ei, ej),∇⊥ekV 〉, since V is orthogonal to L. We get
〈(∇⊥ekσ)(ei, ej), V 〉 = 〈∇⊥ekσ(ei, ej), V 〉 − 〈σ(∇ekei, ej), V 〉 − 〈σ(ei,∇ekej), V 〉
= 〈∇⊥ekσ(ei, ej), V 〉,
and, from the Codazzi equation, again using V ⊥ L,
〈(∇⊥ekσ)(ei, ej), V 〉 = 〈(∇⊥eiσ)(ek, ej) + (RN (ek, ei)ej)⊥, V 〉
= 〈(∇⊥ejσ)(ek, ei) + (RN (ek, ej)ei)⊥, V 〉
= 〈(∇⊥eiσ)(ek, ej), V 〉 = 〈(∇⊥ejσ)(ek, ei), V 〉.
We have just proved that Aijk = Akji = Aikj.
Next, since ∇⊥ekV is orthogonal to ϕ(TΣ2) and to ϕH, it follows that the frame
field {e1, e2} diagonalizes A∇⊥ekV as well, and we get
Aijk = −〈σ(ei, ej),∇⊥ekV 〉 = −〈ei, A∇⊥ekV ej〉 = 0
for any i 6= j. Hence, we have obtained that if two indices are different from each
other then Aijk = 0.
Next, we have
Aiii = −〈σ(ei, ei),∇⊥eiV 〉 = −〈2H,∇⊥eiV 〉+ 〈σ(ej , ej),∇⊥eiV 〉
= 〈2∇⊥eiH,V 〉 −Ajji = 0,
and, therefore, the first identity is proved.
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In order to obtain the second one, we observe first that if V is orthogonal to L
then also ϕV is normal and orthogonal to L. It follows that
〈(ϕσ(ei, ej))⊥,∇⊥ekV 〉 = −〈∇Nek(ϕσ(ei, ej))⊥, V 〉
= −〈∇Nekϕσ(ei, ej), V 〉+ 〈∇Nek(ϕσ(ei, ej))⊤, V 〉
= 〈ϕAσ(ei,ej)ek, V 〉 − 〈ϕ∇⊥ekσ(ei, ej), V 〉
+〈σ(ek, (ϕσ(ei, ej))⊤), V 〉
= 〈∇⊥ekσ(ei, ej), ϕV 〉 = −〈σ(ei, ej),∇⊥ekϕV 〉
= 0.
Finally, we get
〈ξ⊥,∇⊥ekV 〉 = 〈ξ⊥,∇NekV 〉 = −〈∇Nekξ⊥, V 〉
= −〈∇Nekξ, V 〉+ 〈∇Nekξ⊤, V 〉 = 〈σ(ek, ξ⊤), V 〉
= 0,
which completes the proof. 
Since ϕ(L⊕ TΣ2) ⊂ L⊕ TΣ2 and ξ ∈ L⊕ TΣ2 along the surface, it follows that
RN (X,Y )Z ∈ L⊕ TΣ2 for any X,Y,Z ∈ L⊕ TΣ2. Therefore, by using a result of
J. H. Eschenburg and R. Tribuzy (Theorem 2 in [14]) and the result of H. Endo in
[13], we get
Proposition 5.9. Let Σ2 be an immersed non-minimal pmc surface in a non-flat
cosymplectic space form N2n+1(ρ), n ≥ 2. If its mean curvature vector is nowhere
an umbilical direction, then the surface lies in a cosymplectic space form N r(ρ),
where r ≤ 11.
If we consider the cosymplectic space form N2n+1(ρ) to be the product between a
complex space formMn(ρ) and R and use again the facts that ϕ(L⊕TΣ2) ⊂ L⊕TΣ2
and ξ ∈ L⊕ TΣ2, then we have the following
Corollary 5.10. Let Σ2 be an immersed non-minimal pmc surface in Mn(ρ) × R,
n ≥ 2, ρ 6= 0. If its mean curvature vector is nowhere an umbilical direction, then
the surface lies in M r(ρ)× R, where r ≤ 5.
Remark 5.11. Since the map p ∈ Σ2 → (AH − µ I)(p), where µ is a constant, is
analytic, it follows that if H is an umbilical direction, then this either holds on Σ2
or only for a closed set without interior points. In this second case H is not an
umbilical direction in an open dense set, and then Proposition 5.8 holds on this set.
By continuity it holds on Σ2. Consequently, only the two above studied cases can
occur.
Summarizing, we can state
Theorem 5.12. Let Σ2 be an immersed non-minimal pmc surface in a non-flat
cosymplectic space form N2n+1(ρ), n ≥ 2. Then, one of the following holds:
(1) Σ2 is pseudo-umbilical and then ξ ⊥ TΣ2, ϕ(TΣ2) ⊂ NΣ2, H ⊥ ξ, ϕH ⊥
TΣ2 and n ≥ 3; or
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(2) Σ2 is not pseudo-umbilical and lies in a cosymplectic space form N r(ρ), where
r ≤ 11.
Corollary 5.13. Let Σ2 be an immersed non-minimal pmc surface in N2n+1(ρ) =
Mn(ρ)×R, where Mn(ρ) is a non-flat complex space form, with complex dimension
n ≥ 2. Then one of the following holds:
(1) Σ2 is pseudo-umbilical in N2n+1(ρ) and then it is a pseudo-umbilical non-
minimal totally real pmc surface in Mn(ρ) and n ≥ 3; or
(2) Σ2 is not pseudo-umbilical in N2n+1(ρ) and then it lies in M r(ρ)×R, where
r ≤ 5.
6. Anti-invariant pmc surfaces
Let Σ2 be an immersed non-minimal anti-invariant pmc surface in a non-flat
cosymplectic space form N2n+1(ρ) and define a new quadratic form Q′ on Σ2 by
Q′(X,Y ) = 8〈σ(X,Y ),H〉 − ρη(X)η(Y ).
In the same way as in Section 3 it can be proved that the (2, 0)-part of Q′ is holo-
morphic.
In the following, we shall assume that the (2, 0)-parts of Q and Q′ vanish on the
surface, i.e. the following equations hold on Σ2:
(6.1)

8|H|2〈σ(e1, e1)− σ(e2, e2),H〉 − ρ|H|2((η(e1))2 − (η(e2))2)
+3ρ(〈ϕe1,H〉2 − 〈ϕe2,H〉2) = 0
8|H|2〈σ(e1, e2),H〉 − ρ|H|2η(e1)η(e2) + 3ρ〈ϕe1,H〉〈ϕe2,H〉) = 0
and
(6.2)
{
8〈σ(e1, e1)− σ(e2, e2),H〉 − ρ((η(e1))2 − (η(e2))2) = 0
8〈σ(e1, e2),H〉 − ρη(e1)η(e2) = 0,
where {e1, e2} is an orthonormal frame on the surface.
From (6.2) it results that ξ is orthogonal to the surface at a point p if and only
if H is an umbilical direction at p. Therefore, using Remark 5.11, we obtain that
either ξ is orthogonal to the surface at any point or this holds only in a closed set
without interior points. From Theorem 5.12 we know that the first case is possible
only for n ≥ 3.
Next, if ξp is tangent to the surface at any point p in an open, connected subset
of Σ2, it follows that the Gaussian curvature K of Σ2 vanishes on this set, since
ξ is parallel. Therefore, K vanishes on the whole surface, and this cannot occur
for 2-spheres. We however studied this case in Section 4, where N2n+1(ρ) is the
product between a non-flat complex space form and the Euclidean line R. In general,
for a surface in an arbitrary cosymplectic space form N2n+1(ρ), we can choose an
orthonormal frame {e1, ξ} on the surface, and easily see that σ(ξ, ξ) = 0, σ(e1, ξ) = 0
and σ(e1, e1) = 2H. Moreover, from (6.1) and (6.2), we have that H ⊥ ϕe1 and
ρ = −16|H|2.
Remark 6.1. We shall use now an argument in [5], in order to show that either ξ is
tangent to Σ2 everywhere or this holds only in a closed set without interior points.
Let f : Σ2 → L(NΣ2,R) be the map that takes any point p ∈ Σ2 to the linear
function fp on NpΣ
2, given by fp(Xp) = ηp(Xp), for any normal vector Xp at p.
Obviously, ξ is tangent to the surface at p ∈ Σ2 if and only if fp vanishes identically.
By analyticity, either f is identically zero on the surface or the set of its zeroes is
closed and without interior points.
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Now, in order to treat the case where ξ has non-vanishing tangent and normal
components in an open dense set T ⊂ Σ2, we shall split our study in two cases, as
n = 2 or n ≥ 3. We will work in the open dense set T and all results obtained below,
that hold on this set, actually hold on Σ2, by continuity.
Case I: n = 2. Let us consider the orthonormal basis {e1, e2} in TpΣ2 for any
p ∈ T , where e2 = ξ
⊤
|ξ⊤| is the unit vector in the direction of the projection of ξ
on the tangent space. Then, since η(e1) = 0 and, from (6.1) and (6.2), we have
ϕe1 ⊥ H and ϕe2 ⊥ H, it follows that {e1, e2, e3 = ϕe1, e4 = ϕe2|ϕe2| , e5 = H|H|} is an
orthonormal basis in TpN
5. Observe that, at any point p ∈ T , the characteristic
vector field ξ can be written as
(6.3) ξ = µe2 + νe5,
where µ = η(e2) and ν = η(e5) =
η(H)
|H| , is called the angle function.
Next, from the second equation of (6.2), we get that {e1, e2} diagonalizes AH .
Moreover, using the Ricci equation, one obtains that {e1, e2} also diagonalizes Aϕe1
and Aϕe2 , since 〈RN (e1, e2)H,ϕe1〉 = 〈RN (e1, e2)H,ϕe2〉 = 0.
Finally, the first equation of (6.2) leads to
(6.4) Ae5 =
(
λ1 0
0 λ2
)
=
(
|H|(1− ρ
16|H|2µ
2) 0
0 |H|(1 + ρ
16|H|2µ
2)
)
.
Lemma 6.2. The following identities hold:
(1) e1(µ) = e1(ν) = 0;
(2) e2(µ) = λ2ν and e2(ν) = −λ2µ;
(3) ∇e1e1 = −λ1 νµe2 and ∇e2e2 = 0;
(4) σ(ei, ei) =
λi
|H|H, i ∈ {1, 2}.
Proof. The fact that ξ is parallel, (6.3) and (6.4) imply that
0 = ∇Ne1ξ = ∇Ne1(µe2 + νe5)
= e1(µ)e2 + µ∇e1e2 − νAe5e1 + µσ(e1, e2) + e1(ν)e5
= e1(µ)e2 + µ∇e1e2 − λ1νe1 + e1(ν)e5.
The tangent and the normal part in the right hand side vanish and then, since
∇e1e2 ⊥ e2, it follows that e1(µ) = e1(ν) = 0 and ∇e1e2 = λ1 νµe1. As 〈∇e1e2, e1〉 +
〈∇e1e1, e2〉 = 0 and ∇e1e1 ⊥ e1, the last identity is equivalent to ∇e1e1 = −λ1 νµe2.
In the same way, we get
0 = ∇Ne2ξ = ∇Ne2(µe2 + νe5)
= e2(µ)e2 + µ∇e2e2 − νAe5e2 + µσ(e2, e2) + e2(ν)e5
= e2(µ)e2 + µ∇e2e2 − λ2νe2 + e2(ν)e5 + µσ(e2, e2)
and then ∇e2e2 = 0, e2(µ) = λ2ν and, since µ2 + ν2 = 1, e2(ν) = −λ2µ. We also
obtain that σ(e2, e2) = − e2(ν)µ e5 = λ2|H|H and σ(e1, e1) = 2H −σ(e2, e2) = λ1|H|H. 
Remark 6.3. A direct consequence of the previous Lemma is that Aϕe1 and Aϕe2
vanish and then the only non-zero component of A is Ae5 .
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Now, assume that the characteristic vector field ξ is either tangent to the surface
or it has non vanishing tangent and normal components in an open dense set T ⊂ Σ2,
and consider the subbundle of the normal bundle L = Imσ. It is easy to see that
L is parallel, dimL = 1, ϕX ⊥ Y , for any X,Y ∈ TΣ2 ⊕ L and that TΣ2 ⊕ L is
invariant by RN , since ξ ∈ TΣ2 ⊕ L along the surface.
On the other hand, any non-minimal cmc surface immersed in an anti-invariant
totally geodesic 3-dimensional submanifold of N5(ρ) is an immersed non-minimal
anti-invariant pmc surface in N5(ρ). Moreover, if we assume that the (2, 0)-part of
Q′ vanishes on such a surface, it follows that also the (2, 0)-part of Q vanishes.
Therefore, using Theorem 2 in [14], we get
Theorem 6.4. A surface Σ2 can be immersed as a non-minimal anti-invariant pmc
surface in a non-flat cosymplectic space form N5(ρ), with vanishing (2, 0)-parts of
the quadratic forms Q and Q′, if and only if Σ2 is an immersed non-minimal cmc
surface in a 3-dimensional totally geodesic anti-invariant submanifold of N5(ρ), such
that the (2, 0)-part of Q′ vanishes.
The 3-dimensional totally geodesic anti-invariant submanifolds of M2(ρ) × R,
where M2 is a non-flat complex space form, are M¯2 × R, where M¯2 is a totally
geodesic Lagrangian submanifold of M2(ρ). B.-Y. Chen and K. Ogiue proved in [10]
(Proposition 3.2) that a totally geodesic totally real submanifold M¯m of a non-flat
complex space form Mn(ρ) is necessarily a space form with constant curvature ρ4 .
Moreover, it is known that S2(ρ4 ) and H
2(ρ4 ) can be isometrically immersed as totally
geodesic Lagrangian submanifolds in CP 2(ρ) and CH2(ρ), respectively (see [8]).
Hence, an immersed non-minimal anti-invariant surface pmc surface in M2(ρ) ×
R on which the (2, 0)-parts of Q and Q′ vanish, is a non-minimal cmc surface in
M¯2(ρ4 ) × R with vanishing (2, 0)-part of Q′, which in this case is just the Abresch-
Rosenberg differential introduced in [1], where M¯2(ρ4 ) is a complete simply-connected
surface with constant curvature ρ4 . U. Abresch and H. Rosenberg proved there
are four classes of such surfaces, the first three of them, namely the cmc spheres
S2H ⊂ M¯2(ρ4 ) × R of Hsiang and Pedrosa, their non-compact cousins D2H and the
surfaces of catenoidal type C2H , being embedded and rotationally invariant, and the
fourth one being comprised of parabolic surfaces P 2H (see [1] and [2] for detailed
description of all these surfaces).
Corollary 6.5. Any immersed non-minimal anti-invariant pmc surface in M2(ρ)×
R with vanishing (2, 0)-parts of the quadratic forms Q and Q′ is one of the surfaces
S2H , D
2
H , C
2
H and P
2
H in the product space M¯
2(ρ4 )× R.
Therefore, we have
Theorem 6.6. Any immersed non-minimal anti-invariant pmc 2-sphere in a non-
flat cosymplectic space form M2(ρ)×R is one of the embedded rotationally invariant
cmc spheres S2H ⊂ M¯2(ρ4 )× R.
Remark 6.7. A surface Σ2 immersed in a cosymplectic space form is called a slant
surface if for all vectors X tangent to Σ2 and orthogonal to ξ the angle θ between
ϕX and TpΣ
2 is constant, i.e. θ does not depend on X or on the point p on the
surface. Obviously, the invariant and anti-invariant surfaces are slant surfaces. A
slant surface which is neither invariant nor anti-invariant is called a proper slant
surface. If Σ2 is a proper slant surface then ξ is orthogonal to the surface (see [21]).
It follows that, if Σ2 is an immersed proper slant surface in M2(ρ)× R, then it lies
in M2(ρ). On the other hand, there are no non-minimal pmc 2-spheres in a non-flat
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complex space form M2(ρ) (see [18]). Therefore, S2H ⊂ M¯2(ρ4 ) × R are the only
non-minimal slant pmc 2-spheres in M2(ρ)×R.
In the following, we shall see that Lemma 6.2 allows us to make some considera-
tions about the admissible range of the angle function ν.
Let Σ2 be a surface as in Corollary 6.5 with parallel mean curvature vector H.
From Lemma 6.2, it follows, after a straightforward computation, that
(6.5) ∆ν2 = 2λ22(1− 3ν2)
and
(6.6) ∆|A|2 = ρ
2
32|H|2λ
2
2µ
2(5ν2 − 1).
Assume now that the surface is complete and K ≥ 0, so that Σ2 is a parabolic
space.
If ν2 ≥ 15 on an open dense subset of Σ2, then, from (6.6), it follows that |A|2 is a
subharmonic function, and, since |A|2 is bounded by (6.4), we get that either λ22 = 0
or µ2 = 0 or ν2 = 15 . J. M. Espinar and H. Rosenberg proved in [15] that if the angle
function ν is constant, then ν2 = 0 or ν2 = 1, the second case being possible only
when the surface is minimal. Therefore, since we also know that µ2 cannot vanish
on an open dense subset of Σ2, one obtains that λ22 = |H|2(1 + ρ16|H|2µ2)2 = 0, and
then that µ and ν are constant, which means that ν2 = 0 and µ2 = 1. But this is a
contradiction, since we assumed that ν2 ≥ 15 .
If ν2 ≤ 13 on an open dense subset of Σ2, then, from (6.5), in the same way as
above, we obtain that ν2 = 0, K = 0 and ρ = −16|H|2. In this case, Σ2 is a vertical
cylinder over a circle in H2(−4|H|2), with curvature κ = 2|H| and complex torsion
equal to 0 (see also [15]).
Next, if Σ2 is compact, from (6.6) and the divergence theorem, we get that if
ν2 ≥ 15 then ν = 0, which is a contradiction. From (6.5), again using the divergence
theorem, we obtain that, if ν2 ≤ 13 on Σ2, then the surface is a cylinder, which is
also a contradiction, since we assumed that Σ2 is compact.
Summarizing, we proved the following
Proposition 6.8. Let Σ2 be a complete non-minimal cmc surface in M¯2(ρ4 ) × R
with vanishing Abresch-Rosenberg differential and non-negative Gaussian curvature.
Then we have that:
(1) ν2 ≥ 15 cannot occur on an open dense subset of Σ2;
(2) if ν2 ≤ 13 on an open dense subset of Σ2, then ν vanishes identically and
the surface is a vertical cylinder over a circle in H2(−4|H|2), with curvature
κ = 2|H| and complex torsion equal to 0.
Proposition 6.9. There are no compact non-minimal cmc surfaces in M¯2(ρ4 )× R
with vanishing Abresch-Rosenberg differential, such that one of the inequalities ν2 ≥
1
5 or ν
2 ≤ 13 holds on the surface.
Case II: n ≥ 3.We note first that, according to Theorem 5.12, the surface cannot
be pseudo-umbilical, since we have assumed that the tangent part of ξ does not
vanish in an open dense set.
Now, let us consider again the orthonormal basis {e1, e2} in TpΣ2, p ∈ T , where
e2 is the unit vector in the direction of the projection of ξ on the tangent space.
From (6.1) and (6.2), we can see that {e1, e2} diagonalizes AH in this case too. Since
the surface is anti-invariant, from the Ricci equation, we get [AH , AV ] = 0, for any
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normal vector V and, therefore, {e1, e2} diagonalizes AV , for any normal vector V .
We define the subbundle L = span{Imσ∪ξ⊥} in the normal bundle and, in the same
way as in Lemma 5.8, we can prove that, for any normal vector V , orthogonal to L,
we have 〈σ(ei, ej),∇⊥ekV 〉 = 0 and 〈ξ⊥,∇⊥ekV 〉 = 0, i, j, k = {1, 2}, which means that
L is parallel. It is also easy to see that TΣ2 ⊕L is invariant by RN . We shall prove
that ϕX ⊥ Y , for any X,Y ∈ TΣ2 ⊕ L. Since the surface is anti-invariant, we have
ϕe1 ⊥ e2 and, moreover, 〈ϕe1, ξ⊥〉 = 〈ϕe1, ξ − ξ⊤〉 = 0. Next, we obtain
〈ϕe1, σ(e2, e2)〉 = 〈ϕe1,∇Ne2e2〉 = −〈ϕ∇Ne2e1, e2〉 = −〈ϕ∇e2e1, e2〉 = 0,
again using the fact that Σ2 is anti-invariant and σ(e1, e2) = 0. From the equations
(6.1) and (6.2) it follows that ϕei ⊥ H, i = {1, 2}, and then
〈ϕe1, σ(e1, e1)〉 = 〈ϕe1, 2H − σ(e2, e2)〉 = 0.
Since TΣ2 ⊕ L = span{e1, e2, σ(e1, e1), σ(e2, e2), ξ⊥}, we have just proved that ϕe1
is orthogonal to TΣ2 ⊕ L. In the same way we get that ϕe2 and ϕξ⊥ = |ξtop|ϕe2
are orthogonal to TΣ2 ⊕ L. Finally, since ϕH ⊥ ei, i = {1, 2}, it results that ϕH is
normal and one gets
〈ϕσ(e1, e1), σ(e2, e2)〉 = 〈ϕσ(e1, e1), 2H − σ(e1, e1)〉 = 2〈ϕσ(e1, e1),H〉
= −2〈∇Ne1e1, ϕH〉 = 2〈e1, ϕ∇Ne1H〉 = −2〈e1, ϕAHe1〉
= 0,
which means ϕσ(ei, ei) ⊥ TΣ2 ⊕ L.
Hence, TΣ2⊕L is parallel, invariant by RN , anti-invariant by ϕ and its dimension
is less than or equal to 5. Now, again using Theorem 2 in [14], we can state
Theorem 6.10. A non-minimal non-pseudo-umbilical anti-invariant pmc surface
immersed in a non-flat cosymplectic space form N2n+1(ρ), n ≥ 3, with vanishing
(2, 0)-parts of Q and Q′, lies in a totally geodesic anti-invariant submanifold of
N2n+1(ρ), with dimension less than or equal to 5.
If N2n+1(ρ) is of product type, we use again Proposition 3.2 in [10], in order to
obtain
Corollary 6.11. A non-minimal non-pseudo-umbilical anti-invariant pmc surface
immersed in Mn(ρ)×R, n ≥ 3, ρ 6= 0, with vanishing (2, 0)-parts of Q and Q′, lies
in a product space M¯4(ρ4 )× R, where M¯4(ρ4 ) is a space form immersed as a totally
geodesic totally real submanifold in the complex space form Mn(ρ).
Remark 6.12. The non-minimal non-pseudo-umbilical pmc 2-spheres immersed in
M¯4(ρ4 ) × R were characterized by H. Alencar, M. do Carmo and R. Tribuzy in
[5] (Theorem 2(4)). In the same paper, they also described the non-minimal non-
pseudo-umbilical complete pmc surfaces with non-negative Gaussian curvature with
vanishing (2, 0)-part of Q′ (Theorem 3(4)).
Remark 6.13. As we have seen, a proper slant surface Σ2 immersed in Mn(ρ) ×
R, ρ 6= 0, lies in Mn(ρ). Moreover, as an immersed surface in this space, it has
constant Ka¨hler angle. In [17] it is proved that there are no non-minimal non-
pseudo-umbilical pmc 2-spheres with constant Ka¨hler angle in a non-flat complex
space form. Therefore, there are no non-minimal non-pseudo-umbilical proper slant
pmc 2-spheres in Mn(ρ)×R.
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